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Chapter 2
» Implementation of the algorithm

In this chapter, we will collect all necessary parts to implement the algorithm
we derived in the first part of this thesis.

2.1 A boundary element method

The main question is how to calculate integrals of the form

(A)ij = (Vedir §;) = 4nffC°S(K||x YD) $:dS,;dS,

[x

which have to be evaluated for i, j = 1... N. Fortunately, the integral is sym-
metric with regard to exchange of x and y. This ensures a symmetric stiffness
matrix A. In contrast to the finite element method, our matrix A will be much
smaller but dense. Each matrix element calculation is a very costly procedure
as we will now see and partly compensates the benefit of the much smaller
matrix.

2.1.1 Panelization of the domain

Definition 2.1: (taken from [6]) A panelization G of the boundary T' is a subdi-
vision of T into open, disjoint elements T c T'. Of course it has to hold that

We look at the discretization of the unit cube [0, 1]%, for which it is reasonable
to create a simple triangular panelization of the boundary, shown in figure 2.1.
As we use piecewise constant basisfunctions ¢;, that are 1 on 4; and 0 elsewhere,
the integral

/rfrf("’x,y)qbidsycpjdsx

I I esmyas s,

As we want to compute this integral using a Gauss-Legendre quadrature rule,
we need to calculate the n Gauss points and n weights on each triangle. By
determining the locations of the points in barycentric coordinates, a simple
multiplication with the vertices (P, P, P3) of our triangle 4; directly yields
the corresponding Gauss points x; in 4;. The weights w; have to be scaled by

simplifies to:



X3
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Figure 2.1: A panelization of the cube into 108 triangles.
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the area of the triangle such that the integral over f(x) = 1 equals the area of

A .
n
f/ 1dS, ~ Z Wi L Area(2;)
A k=1

e

The values of the Gauss-Legendre points and weights in barycentric coordinates
can be found ready to use in the literature, see [3] With the points and weights
transformed for each triangle, we can now integrate numerically:

//Aj fAi f(x,x,y)dS, dS, Nmzz: zz: owh f(k, X, xL)

In the framework, n = 7 and n = 13 are supported.

2.1.2 The singular integrals
The big problem in evaluating these integrals, however, is the singularity of f
at the point x = y. This happens in 3 cases:

1. both panels 4; and 4, are identical

2. 4,4 share one edge

3. 24,4 share one point in the corner

Of these 3 cases, the first is the most important, while the other introduce more
or less small errors depending on the choice of integration points. E.g., with
the Gauss-Legendre quadrature rule, all points lie in the interior of the triangle,
whereas the Gauss-Lobatto rule defines points directly on the edge or corner.
Notice that we can split the integral

cos(xx ~ y])
W ) s s,

into a singular part given by the electrostatic kernel integral and a nonsingular

rest:
ff ff W des LdS, + ff ff “’S("J;‘ yy||) ds,ds,



A Taylor expansion of the cosine around zero immediately reveals the nonsin-
gularity of the second term for ||x — y|| - 0:

cos(re|x—y[) =1 _ 1= 3(x[x=y])* + OCc|x - y[)* -1

| =yl |~ vl
) —3(fx = y[)* + O(x|x - y[)*
klx -y

1
= xS (k[x = yI)" + x O(k[x - y)* — 0

Therefore, direct integration with a Gauss-Legendre quadrature rule poses no
problem for the second term. For the electrostatic kernel integral, however, we
have to apply a trick shown below.

2.1.3 Solving the inner integral analytically

The method goes back to A.T. de Hoop [4] (also mentioned in [1]) and was
shown to the author in helpful discussions with C. J. Hanckes, which we will
closely follow in this section. The idea is to solve the inner integral analytically
as a function F(x) depending on the outer integration variable x:

/fA,. fﬁjmdsydsx:ff&i F(x)dS, , withF(x):ffA]Wiy”dSy

With this, the integral can be evaluated very accurately and efficiently now using
not two, but only one quadrature rule for the outer integral:

ffAj F(x)dS, ~ mznz:l wl, F(x)

The analytic solution is quite tricky to find and requires a clever reformulation
of the integral over the triangle as a contour integral over the boundary of the
triangle. We will here go through the most important steps. In the first part, we
already used the following relation:

Alx -yl = =7l

using this, we can write for F(x):

1 1
F :[f ds :7ffA ~ y|ds
O o =51 =2 Mo A1 215

With clever use of vector identities not discussed into detail in this short
overview, this can be transformed into the seemingly more complicated re-




lation:

1
Fex) =5 [ alx-ylds,
1 P ) )
=5 I Gyl =9 v (- yi) ) s,
)
1 02 1 B )
3 [ gte-stas, = 5[] v xwx(la-ylias,

Fi(x) Fa(x)
= Fl(x) - Fz(X)

Let us now first look at F; (x) and simplify the integrand:

(y-x) ,ﬁ)
I =l

Zhe-yl= 2Tyl )=
g2 F TN g T T 55
Close inspection reveals that for all y € A;

(y—x) -7 =dist(x, &;) = const

with dist(x, 4;) being the distance of point x from the triangle A;. This makes
it possible to move it outside the integral:

1 o (1
Fi(x) = 3 dist(x, &) f[A, o (H) 45y
L A')ff rad (—— | -ids
e JJ, gy ) e
1 b-x)
:—Edlst(x, A]) /]; 'nds)/

This integral is nothing else than the definition of the solid angle Q(x, &)
which the triangle 4; covers when viewed from point x. F; (x) thus simplifies
to:

Fi(x) = —% dist(x, &) Q(x, Aj)

L2
T
N\

Figure 2.2: The solid angle Q(x, ;) is the area of the projection of Aj onto the
unit sphere centered around x.

The solid angle can be calculated very efficiently using the Oosterom and Strackee
algorithm [8].
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For F,(x), we will use Stoke’s theorem to convert the surface integral over 4;
into a contour integral along its boundary 0 A ;:

S A e pliydsy = § (e - yli)
:95 Vlx—y| x i di

4,
_ (y-x) %7 di
an; [x -y

To simplify this term, we introduce the following notations: Let Cy, C;, C3
be the edges of the triangle, 7, 12, 75 the normalized tangent vectors to the
edges:

P - P;

a2 L
" P - P

and vy, v,, v3 the outward oriented normal vectors to the edges (see Figure
2.3):

V,':Tixﬁ

Figure 2.3: The triangle with its vertices and the corresponding normal and tangent
vectors.

Using these notations, the integral can be written as a sum of three contour
integrals, each along one edge of the triangle:

_ 3
(y x Zf )xﬁ~rdek
o, -yl e |x =yl
3 ( _
y—X)
= - -vdek
;Ak lx =

Additionally, we have for all y € Cy:
(y—x)-vk:(Pk—x)-vk:Rk‘vk, with R, = P, — x

We have finally found an easy expression for F,(x):

By(x) li w [ L _ac
x)=-= —— dC;
’ 24 c x-yl
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Now, the only remaining integrations in F, (x) are the integrals along the edges
of the triangle, which can be solved analytically. The entire (tedious) derivation
is shown in the appendix, as it does not yield much insight into the problem.
Instead, we just show the result here:

Fy(x)=-- Z Ry - v log

( [Rks1 | + Rysr - Tk)
23

HRk H + Rk * Tk

Combined with F;, we have found the following analytical expression for

F(x):

13 R Riy1 -
F(x):—fdlst(x 2)) Q(x, &) EZ k- Vk 10g(| k1 + Ris Tk)

HRkH +Rk'Tk

This can now be used to quickly evaluate the electrostatic kernel integral. The
other non-singular integrals pose no problem for direct numerical integration,
so we now have everything we need for the setup of the system matrix.

2.2 Implementing the Newton method
We start from the linear operator equation:
Given (t},«"), find (]!, k") € S x R s.t.:

(Ve tp ™ on) =& Aty on) = —k"(Agnth, o1) Vo €S

we derived earlier, to which we will add the normalization condition from the
paper:

I = (st = o [Loe) [ pidsydsx

Where S : H™'/2(T') » H'2(T) is the standard single layer potential for the
laplacian. Including this condition into our Newton scheme we arrive at our
iteration:

(Ve ti™ o) = Aoty ) = —k" (At p1)  You€S)

28ty Y e = (SEL ) + 1

This is a saddle point problem which can be writtenasa (n+1) x (n+1) system
of linear equations:

A Bty || ths1 -k, Bty
2tfC 0 || xpas t,Cty +1
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Appendix B

Further proofs

B.1 Solving the contour integral

We want to solve the integral:

i) = [ BELSTON
a x -yl

For simplicity, we take k = 1, as the other cases are completely analogous. C, is the edge
of the triangle connection the endpoints P; and P;. Given a parametrisation of the path,

we can write
1= [ ¢ ()] dt
o [x=¢] ¢(t) I
such a parametrisation is given by
¢(t) =P+ (P,-P)t, ¢'(t)=P-P

¢(0) =P, ¢(1)=P,
Therefore,
1(x) = |Ps -

1 1
Pl [ dt
0 le—x+(P2—P1)tH

Splitting the norm in the denominator:

1 1
1) =P~ Pi| [
o VP —x+ (P - P)[?
pl [ 1
1
0 \/HPl—x||2+2(P1—X,Pz—Pl)f+||P2—P1H2t2

=P -

This is an integral of the kind

f;dx
Vax?+bx+c

whose solution can be found in the standard integral tables, e.g. Bronstein [2], integral
No. 241:
X=ax’+bx+c

log(2vaX +2ax+b)+C fora>0
[Ea—

This leads to
1) = PPy /T B (B - B2 + 2(B —x, Po— P+ [P = x)
7||P2—P1H g 2 1 2 1 1 > 2 1 1

1
+2|Py = Pi|*t + 2(Py - x, P, - Py))
0
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=log(2[[ P> = Pi[\/([P2 = Pr|> + 2(Pi — x, P, = P} + || Py — x[?)
+2”1)2 *pluz +2(P1 -x,P 7P1>)
—log (2P, - Pi[[|P1 = x| + 2(P, - x, P, - P1))

= IOg(ZHPz —P1 ” ”Pz —P1 + (P1 —x)|| + 2(P1 - X, Pz - Pl) + (Pz —Pl,Pz —P1>)
—IOg (ZHPZ —P1 H HPI —xH +2(P1 —.x,Pz = P1>)

=log(2|P, = Py[[|P, - x| + 2(P, - x, P, - P1))
—10g(2HP2 —P1 H HPI —XH + 2<P1 —X,P2 - P1>)

“1lo 2HP2*P1||HP2*X”+2<P2*X,P2*P1>
2HP2 -D ” HP] —x” +2<P1 -x,P, —P1>

—log(”PZ_x +<P2—x)f>§f{))

[P —x] + (P -, 2E)

Recalling that

Pt - P;

Ri=P; —x and T,-:L
|Piss = Pi

we can finally obtain the simple formula:

I(x) =10g(M)

[Ri] + (Ri, 71)
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