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Introduction

During this talk I'll introduce the basic definitions and some results about valuations,
absolute values of fields and completions. These notions will give two basic examples:
the rational function field F,(T') and the field Q, of the p-adic numbers.

1 Absolute values and valuations

All along this section, K denote a field.

1.1 Absolute values

We begin with a well-known

Definition 1. An absolute value of K is a function
| |: K—R

satisfying these properties, Vx,y € K:

1 |z =0 & =0,
2. |z| >0,

3. Jwyl = l=[ lyl,

4. |z +y| <|z|+|y|. (Triangle inequality)

Note that if we set |z| = 1 for all 0 # = € K and |0| = 0, we have an absolute value
on K, called the trivial absolute value. From now on, when we speak about an absolute
value | |, we assume that | | is non-trivial. Moreover, if we defined : K x K — R
by d(z,y) = |z — y|, z,y € K, d is a metric on K and we have a topological structure
on K. We have also some basic properties that we can deduce directly from the
definition of an absolute value.



Lemma 1. Let | | be an absolute value on K. We have

1|1 =1,
2. |¢| =1, for all { € K with ¢ =1 for some 0 # d € N (C is a root of unity),
3. Jat = |2,

4 el = lyll < fz =yl

L P =12 =1]=]1]=1.

2. [¢=1¢Y =[1]=1=|¢ =1

w

Cl=laat = el |27 = a7 = 2l

4. Set a :=x —y, b:=y. We have |a + b| < |a| + |b|, therefore
|z = ly| = la+ 0] = 6] < [a] = [z —yl.

Another definition about absolute values.

Definition 2. Two absolute values on K are equivalent if they define the same
topology on K.

The next theorem and its corollary give us other conditions to verify if two absolute
values are equivalent.

Theorem 1. Let | |, and | |, be two absolute values on K. They are equivalent if,
and only if, there exists s > 0 real such that

lz|, = |z|5, Vo € K.

Proof: If we have |z|, = |z];, s > 0, clearly the two absolute values are equivalent
since they define the same open sets.

If | |;and | |, are equivalent, a series converging to 0 with respect to | |, will
converge to 0 with respect to | |,. Moreover, for all K field and | | on K, the
inequality |z| < 1 is equivalent to saying that the sequence {2"},cn converges to 0.
Therefore if | |, and | |, are equivalent, we have

lz|, <1 & |z|, < 1.



Let y € K be an element such that

yl; > 1 and let x € K, x # 0. Then there exists

a € R such that |z|, = |y|{. Let {’7’;—} be a sequence of rational numbers
i Jien

my
2

(m; € Z, n; € N*) converging to « from above. Then |z|, = |y|{" < |y|;" and hence
* | <1= - < 1.
Y 1 ymi 2

Q’Ti and consequently |z|, < |y|5. Taking a sequence {’ZZ—}

7

This gives |z|, < |y

converging to a from below will give |z|, > |y|5 and therefore |z, = |y|5. So, lfeor all
0 # z € K, we have

log |x|1 _ log |y|1 _.

log|z|, loglyl,
and hence |z|, = |z[5. Finally, |y|, > 1 implies |y|, > 1 and so s > 0.

O
Corollary. Two absolute values | |, and | |, on K are equivalent if, and only if,
lz|, <1 <= |z], < 1.
We continue with this important
Definition 3. An absolute value is called non-Archimedean if we have
|z + y| < max{|z], [y[}, Va,y € K.

Otherwise the absolute value is called Archimedean.

Note that if | | is non-Archimedean, for z,y € K we have
2| # [yl = |z + y| = max{|z], |y|}.

Indeed: w.l.o.g we can assume |z| > |y|, then obviously |z + y| < max{|z|, |y|} = |z|.

On the other side, |z| = |z — y + y| < max{|z + y|, |y|}. Assume that max{|x + y|,|y|} =
ly|, then |z| < |y| < |z|. This contradicts the hypothesis |z| > |y|, hence max{|z + y|, |y|} =
|z +y| and so |z| < |x + yl.

1.2 Valuations

We introduce the symbol co with the convention that for all a € R we have a < oo,
a4+ oo = 0o and 0o 4+ 0o = 0o. As for absolute values, we start with a basic

Definition 4. A valuation on K is a function
v: K—RU{c0}

satisfying these properties, for all x,y € K :
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1. v(z) =00 & =0,
2. v(zy) = v(z) +0(y),
3. v(z +y) > min{v(x),v(y)}.

Note that if we set v(xz) = 0 for all 0 # 2 € K and v(0) = oo, we have a valuation
on K, called the trivial valuation. From now on, when we speak about a valuation v,
we assume that v is non-trivial.

Now, a lemma with some basic properties induced by the definition of valuation

Lemma 2. Let v be a valuation on K. We have
1. v(1) =0,

v(¢) =0, for all ( € K root of unity,

v(z™h) = —v(z),Vr e K*,

if v,y € K and v(z) # v(y), v(x +y) = min{v(x),v(y)}.
Proof:

L v(l) =v(1?) = v(1) + v(1) = v(1) = 0.

2. Let ¢ € K with ¢¢ =1 for some 0 # d € N. We have dv(¢) = v(¢%) = v(1) =0,
therefore v(¢) = 0.

3. 0=ov(1) =v(zz™") = v(x) + v(z™!) = v(z™!) = —v(z).

4. W.l.o.g. we can assume that v(z) > v(y) and so y # 0. If 2 = 0, obvious.
Assume z # 0. Then v(z +y) > min{v(z),v(y)} = v(y). We have also
v(y) =v(y+ 2z —2x) > min{v(z +y),v(x)}. Assume that
min{v(z + y),v(x)} = v(x), then v(x) > v(y) > v(zr) and we get a
contradiction. So, min{v(x + y),v(z)} = v(z 4+ y) and finally v(y) > v(z + y).

O

Some further terminology regarding valuations.

Definition 5. A valuation v on K is called discrete if v(K*) = sZ, for a real s > 0.
Moreover, v is normalized if s = 1.

We introduce now the equivalence between valuations.

Definition 6. Two valuations v1 and vy on K are equivalent if there exists a real
s > 0 such that v; = svs.

Note that if we have a discrete valuation on K with v(K*) = sZ, dividing it by s
we obtain an equivalent normalized valuation.
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1.3 Relations between non-Archimedean absolute values and
valuations

The following theorem provides a relation between the non-Archimedean absolute
values and the valuations on K.

Theorem 2. Let | | be a non-Archimedean absolute value on K and s € R, s > 0,
then the function
vy : K — R U {0}
I —slog |z| ¥f:C7£O
00 ifx=0

is a valuation on K. Furthermore, if s,s' € R, 5,8 > 0 and s # s, vy is equivalent
to vg. Conwversely, if v is a valuation on K and q € R, q > 1, the function

K — R
—v(x)
R { q ifx#0

|1y
0 ifz=0

is an absolute value on K. Besides, if ¢,¢' € R, q,q' > 1 and q # ¢, | |q is equivalent
to] |-
q

Proof: We just need the check the definitions of an absolute value and a valuation.
We start with v,. Clearly we have that vs(x) = oo if, and only if, z = 0. Let

r,ye€ K, ifx=0o0ry=0, 2y =0 and oo = vs(zy) = v(z) + v(y) = co. Assume
x,y # 0, then

vs(ry) = —slog |ry| = —slog (|z| |y]) = —slog |x| — slog |y| = vs(x) + vs(y).

Let again be z,y € K. If x =y = 0, then oo = vs(x + y) = min {vs(z),vs(y) } = 0.

Ifz=0y#0(ory=0,z#0), vs(z+y) = vs(y) = min {vy(x), vs(y)} (or
vs(x 4+ y) = vs(x) = min {vs(z), v5(y)}). Assume now z,y # 0. We have

vs(x +7) —slog |z + y|

—slog (max {|z], |y|})
min {—slog|z|, —slog |y|}
= min {vs(z),vs(y)} .

v

Therefore v, is a valuation on K. Assume now s,8 >0, s # 5. Forall 0 £z € K,
we have

S , s
vs(z) = —slog|z| = (;) (—s'log|z]) = ;vsl(x).

This means that vs and vy are equivalent. We continue with | | . Clearly we have
that [z| = 0 if, and only if, z = 0 and since ¢ > 1 > 0 that |z[, > 0 for all x € K.
Let v,y € K,ifr=0o0ry =0, zy =0 and 0 = |zy|, = |z, y|, = 0. Assume

x,y # 0, then
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Since max{mq : |y|q} < |z|, + [yl it suffices to show that
|z +yl, < max{|x|q,|y]q}. Let again be v,y € K. If x =y =0,
0= [z + ], = max {Jal, Iyl,} = 0. T2 = 0.y #0 or y =0, 2 £0),

&+ yl, = lyl, = max{Jal,. |y, } (or [z + ], = lal, = max {Jal,. yl, }). Assume
now x,y # 0. We have

tgl, = g
g min{v(@)vy)}
max {qfv(x)7 qifu(y)}

max { |z, . Iyl | -

IIA

Therefore, | | , 1s a non-Archimedean absolute value on K. Assume now g, q >1,

q # ¢ and set r := fggi;. For all 0 # = € K, we have

_ —v(x) _ r—rv(z) _ r
2], =q"" =q = [y -

Consequently, | |, and | |, are equivalent.
U

From now on, when we will deal with fields with a non-Archimedean absolute value,
according to theorem 2, we will just speak of a field with a valuation.

Remark on terminology: Note that some authors use the term “exponential
valuation” rather than “valuation”. In this case the term “valuation” means
“absolute value”.

1.4 Valuation ring and residue field

Theorem 3. Let K be a field, v be a valuation on K and denote by | | a corresponding
non-Archimedean absolute value. Then:

1. the set
O={reK |vx)>0}={reK ||z <1}

s an integral domain and a maximal proper subring of K, called the valuation
ring; moreover, for all 0 # x € K, we have that x € O or x7' € O,

2. the set
O"={zeK |v(r)=0}={r e K | |z|=1}

is the group of units of O,



3. the set
p=0\O"={zeK |v)>0}={zeK | |z|<1}={zcO0 | 27" ¢O}
1s the unique maximal ideal of O.

A ring that has a unique maximal ideal is called a local ring. By 3., O is a local
ring. Besides, two equivalent valuations (or two equivalent non-Archimedean absolutes
values) on K give the same valuation ring.

Proof: We just consider the valuation v on K, since by theorem 2 the valuations
and the non-Archimedean absolute values are closely related.

It is easy to check that if two valuation v and v" on K are equivalent, i.e., there is a
positive real s such that v = sv’, the sets O, O* and p are the same since if

v(z) >0, resp. v(z) =0, resp. v(z) > 0, v'(z) = s v(z) > 0, resp.

v'(x) = s7(z) = 0, resp. V() = s to(z) > 0.

To prove that O is a integral domain, it suffices to show that is closed under
addition and multiplication and that every element in O has an additive inverse in
O, since all the remaining properties are verified on the field K and therefore also for
the subset O. Clearly, 0,1 € O since v(0) = oo > v(1) =0 > 0. Take 0 # z € O and
so —x € K. We have co = v(0) = v(z — x) > min{v(x),v(—xz)} since x # 0 (and
therefore —x # 0). By property 3. of Lemma 2, this implies that v(—xz) = v(z) > 0,
hence —z € O. Let x,y € O. Then v(zy) = v(z) + v(y) > 0 and so xy € O.
Similarly, v(z +y) > min{v(z),v(y)} > 0 and so z +y € O. Take now 0 # = € K.
If v(z) >0, x € O, and if v(z) <0, v(z™!) = —v(z) > 0 and hence 27! € O. Let
now be z € K\ O. We want to show that O[z] = K in order to prove that O is a
maximal proper subring of K. Since z ¢ O, 27! € O and v(z7') > 0. Take an
element y € K, then there exists k € N such that v(yz=*) > 0 since v(z7!) > 0.
Consequently, w := yz=% € O and finally y = wz* € O[z] and so O[z] = K.

Assume now z € O and 7' € O. If v(z) > 0, v(z ') = —v(z) < 0, therefore

v(xz) = 0. The other inclusion is obvious. This shows that O* is the group of units
of O.

We show now that p is the unique maximal ideal of O. Let x € p and z € O. Then
v(zzx) = v(2) + v(z) > v(x) > 0 and hence zz € p. Let now z,y € p, then

v(z —y) > min{v(z),v(-y)}. fy=0,z—ye€p. If y#0, we have that

oo =v(0) = v(y —y) > min{v(y),v(—y)} and, as before, v(y) = v(—y) > 0.
Therefore v(z — y) > 0. This means that x —y € p and hence p is an additive
subgroup of O. This shows that p is an ideal of O. Assume now there exists an
ideal A of O such that p & A. Then there exists v € O* N A. Therefore 1 € A and
A = . This shows that p is maximal. Assume now that there is a maximal ideal
B # O of O such that B # p. We must have that B N O* = {0}, because if not,

1 € B and so B = 0. This implies that B & p and therefore B is not maximal.



The theorem tells us that for two equivalent valuation we have the same valua-
tion ring, so, from now on, if a valuation is discrete, we can assume without loss of
generality that it is normalized. Clearly if a result holds for a normalized valuation,
it holds also for a discrete valuation.

Definition 7. The field K := O/p is called the residue field of O.

We have an interesting property when a valuation is normalized.

Lemma 3. Let v be a normalized valuation on K, then for all 0 # x € K we can
write © = ut", where t € p with v(t) =1, u € O and n € Z. An element x € p such
that v(x) =1 is called prime element.

Proof: Since v(K*) = Z, there exists an element ¢ € K with v(t) = 1. Therefore
t €p. Let 0 # x € K. We have that v(xz) = m for some m € Z. Hence v(zt™™) =0
and so u = xt™™ € O* and finally z = ut™.

Recall that an ideal of a ring is principal, if it is generated by one element.

Theorem 4. Assume v is a normalized valuation on K, then O is a principal ideal
domain, i.e., every ideal of O 1is principal. Moreover, all the ideals of O different
from {0} are of the form

p"=t"O={x € K | v(zr) >n}, n>0,
where t € p, v(t) = 1. Furthermore, we have
P/t =K >

as K -vector spaces.

Proof: Let {0} # A C O be an ideal of the valuation ring and 0 # = € A such that
n:=v(x) <wv(y) for all y € A. By lemma 3, x = ut” for some prime element ¢ € p
and some u € O*. This implies that t"O C A. Take now y € A. According to
lemma 3, y = wt™, w € O*. Since y € A, m =v(y) > n = v(x), so we can write

y = (wt™ ) t" € t"O, hence A C t"O.

Consider now the K-homomorphism

¢: Pt — O/p

at™ +— a mod p,

with t € p a prime element and a € O. Clearly, ¢ is surjective and its kernel is p™*+!.

Hence, ¢ is a K-isomorphism.



This theorem gives us a useful lemma.

Lemma 4. Let v,v" be two discrete valuation on K such that O, = O,, where O,,
resp. O, denotes the valuation ring generated by v, resp. by v'. Then v and v' are
equivalent.

Proof: Clearly, O, = O, implies O; = O}, and p, = p,». By theorem 4, there is an
element t € p, = p,s such that p, = t0, = tO, = p,. Again by theorem 4, ¢ must
have the minimal valuation among the elements of p, = p,s. Set v(t) =: s and

v'(t) =: ¢’ and this gives v(K*) = sZ and v'(K*) = s'Z. Clearly, for all

re O =0! 0=v(r) =2 (x)=0. Consider x € K\ O} = K \ O},. Then, by
lemma 3, z = t"u for some n € Z and some u € O} = O},. So, v(z) = ns and

v'(z) = s'n and this gives v(z) = S$v'(x). Since z was arbitrary, the result holds for

Sl

all z € K\ Of = K\ O},. Therefore v and v" are equivalent.

1.5 Example: the field of rational numbers Q

In this paragraph, we deal with the field of rational numbers Q.
We know that on Q we have the restriction of the Archimedean absolute value on R

| |: Q — R
e x ifz>0
—z ifzx <0’
Since | | is Archimedean, all the constructions that we made above are worthless.

We want a non-Archimedean absolute value on Q. Consider a prime p > 1. For all

r € Q we can write
7

r=p

Il S

withn € Z, a € Z, 0 #b € N, (a,b) = 1, p{ a and p t b. Define the function
v, : Q = RU {oo} as follows:

vp(x) = vy (p”%) =n,

for all 0 # x € Q, and v,(0) = oo. Clearly v, is normalized valuation. According to
theorem 3, we have the valuation ring

o {;

a€ZbeN\{0},(a,b) = 1,p+b},
its group of units

0 = {% an,beN\{O},(a,b):1,p+a,p+b},



and its unique maximal ideal

by={>|a€ZbeN\{0}(a,t) = Lp|apto}.

Clearly p € Q is a prime element and therefore all the non-zero ideals of O, are of
the form

p, =0"0p, n > 0.

Let now x = p"§ € Op, (a,b) =1,a € Z, b € N\ {0}, pfa,ptbandn € N. If n >0,
T € p, and therefore x =0 mod p,. Suppose n = 0, then z € O;. We now that for
every m € Z, we can write
n= Y
i=0

with r,m; € N, 0 <m; <p, 0 <i <r. Hence, we have

s t
a= Zaipi and b = ijpi
i=0 Jj=0

with s,¢,a;,b; € N, 0 < a;,b; <p, 0 <i<s,0<j <t This gives

a
r = -
b
_aptap+--tagp?
b
_ Go ap+ -+ asp®
b b
with
ap+ -+ asp’ ar+ - +ap*!
=P < Pp
b b
Moreover, we have that
Qg Qg _ao  aohip+ aobyp® + - - - 4 aghyp’

b bgtbipt ot bpt by b3+ bobip+ -+ bbipt

and so
aobip + agbap® + - - - + aghpt

b5 + bobip + - - - + bobyp!

€ P,

This means that

=2 od Py
bo
and finally we get that

F, =Z/pL =K, = Op/py.
By theorem 2, we know that each valuation v, gives a corresponding family of equiv-
alent non-Archimedean absolute values. We will denote by | |, the absolute value

], = p~ ),

for all 0 # z € Q.

We conclude this example with an important result.
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Theorem 5. On Q, each non-trivial absolute value is equivalent to an absolute value

| lp o] -
Proof: Let || || be a non-Archimedean absolute value on Q. We have
[l = [T+ -+ 1 < max {[[1]}, ..., 1} = 1.
There exists a prime p > 1 such that ||p|]| < 1. If not, || || is the trivial valuation.

Consider the set
A={a€Zl||a| <1}.

Clearly, A is an ideal of Z and pZ C A # Z. Since pZ is a maximal ideal, we have
that A = pZ. Take a € Z, a = p™b with p 1 b. This implies that b ¢ A and therefore
||| = 1. This gives

lall = {lp™bll = [Ip[I™ = lal,,
with s := —%. Therefore || || is equivalent to | |.
Assume now that || || is Archimedean. For all integer m,n > 1, we have
m]| = = Jjn] =

Indeed, we can write
m=ag+an+---+an"

with r,a; e N, 0 <a; <n, 0<1<r. Clearly n” <m, and so r < %. Moreover,
ol <[1+---+1f <alf <n

gives that

logm log m
I <Z||az|| Il <Z||az|| Inlf < ( n)nnnnlogn.

Replacing m by m*, k € N, and taking the k-th root, we get that

k]. Kklogm ogm ]{jl
]l = /Tm <\/ — nunu’“l‘ofn = ] 5 \/ (1+ Ogm) 3

10g IOg n

and when £ goes to oo we have
logm 1 1
[m|[ < [[n[[*= and so [[m][=em < [n|[©em .

Exchanging the roles of m and n we get the inverse inequality.

1 1
Since ||n||®=" > 0, there exists s € R such that e = ||n||®s" and so ||n| = e*ls™.
Hence, for all x € Q, x > 0, we have

slogx

o] = e = 2* = |z

Since ||z|| = ||—z||, we have that || || is equivalent to | |.
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1.6 Example: the rational function field F (7T

Let ¢ = p™, p> 1 aprime and n € N\ {0}. The field

f(T)

70 ={ 50 | 1) e Biprl o) € R )

is called rational function field.

A polynomial is called monic if the leading coefficient is equal to 1. Let p(T") € F [T
be a monic, irreducible polynomial. For all f(T") € F,(7") we can write

7(1) = pry 20

WT)’
with n € Z, g(T) € F,[T] such that p(T") 1 g(T) and h(T') € F,[T] \ {0} such that
p(T) 1 h(T).

Define the function v,y : Fo(T) — Z U {oo} as follows:

Vo) (f(T)) = vp(r) (p(T)n%) -

)

for all 0 # f(T) € Fy(T') and v, (0) = co. Obviously, v,r) is a normalized valuation
and we have, according to theorem 3, the valuation ring

i@
O = { L3| 1) € B, f11.01) € T\ 0L FolD)
its group of units

Oy = {%\ F(T) € B,[T), 9(T) € B,[T]\ {0}, p(T) { F(T). p(T) +g<T>} ,

and its unique maximal ideal

oty = {%\ F(T) € F[T), 9(T) € F,[T]\ {0}, p(T) | F(T),p(T) +g<T>} .

Moreover, the residue field of Opry, Kpiry = Opiry/9p(r) is isomorphic to Fy [T]/(p(T)).
Indeed, consider the ring homomorphism

o FJT1 —  Opry/Pur)
HT) —  f(T) mod pym).

Clearly, the kernel of ¢ is the ideal (p(T")) generated by p(T') in F,[T]. Take now
h(T) € Opry. We can write h(T) = ZEQ with 7(T'), s(T') € F,[T7], such that s(T") # 0

and p(T) t s(T'). Thus, there exist a(T"),b(T) € F,[T] with a(T)p(T) + b(T)s(T) =1
and therefore

W(T) = 1-h(T) = p(T) + o(T)r(T),



and so
h(T) =b(T)r(T) mod ppr).

Since b(T'),r(T) € F,[T], ¢ is surjective and we have an isomorphism
Fo[T]/(0(T) = Kyry = Opry [Pp(r).-

Let f(T') € F,(T). We can write

with g(T) € F,[T], h(T') € F,[T] \ {0}. Consider now the function
Voo @ Fy(T) — Z U {o0}

defined as follows:

%mﬂbw(%%)mmmwﬂmam

for all 0 # f(T') € F,(T) and vo(0) = oco. Obviously, vy is a normalized valuation
and, by theorem 3, we have the valuation ring

C%:{KQﬂﬂemmmnemwanMﬂﬂsww@ﬁa

g(T)
its group of units
. AT B
%r{ﬁﬁfmemmy@NEﬂHWMMﬂﬂ—®w@ﬁ,

and its unique maximal ideal
o = { L | (1) € BT 0(7) € BT 0. deg (7) < () .

We have that T~ € F,(T) is a prime element, since vy (T7!) = degT — deg1 = 1.
Therefore, all non-zero ideal are of the form

p = (T) " Ou, n > 0.

Take f(T) € Ou, f(T) = &3, with g(T) € F,[T], W(T) € F,[T]\ {0} and n =

deg g(T) < deg h(T) =: m. Then we can write

g(T) = ap,T" + ap T '+ 4 ag and W(T) = by, T™ 4 by 1 T™ 4+ -+ + by,
with a; € Fy, 0 <i<n,a,#0,and b; € F,, 0 < 5 <m, b, # 0. If n <m, we have
f(T)=0 mod po. If n =m, we have

9(T)

T) = —=
anT™ + apn 1T+ +
by I + by T™ 1 4 - - + by

anTn + an_lTnil _I_ “e _|_ aO
b T+ b, TP+ +by b, T" + by TP+ + by

13



with
an_lTnfl + P + aO

bnTn + bn_lTn—l + -4 bO € Poo-
Moreover
a,T" _an by 1T 1+ apby_ T2 + -+ + a,bo
buT + by T1 4 by by V2T + byby TPt + -+ bybg
with

(ann_lTn_l -+ anbn_gT"_z + 4 (J,nbg c
T+ boby s T3 4 -+ bpby P

Therefore, we get that

Q

n

f(T)EE

mod poo.

This means that
Koo =T,

Note that in the case of the above valuations, we can embed the field F, in the
residue field and this leads to an important

Definition 8. Let v be a valuation on F (T) and p, the mazimal ideal of the valuation
ring with respect to v. Then

degp, = [, : F,]
is called the degree of p,,.

Note that if a valuation is defined as above by an irreducible, monic polynomial
p(T) € Fy[T], the degree of p,p is deg p,r) = degp(T). Indeed Kpry = Fo[T]/(p(T))
and therefore degp,r) = [Kpr) : Fy] = degp(T). Moreover degp,, = 1, since
Ko = F,.

We have an interesting lemma about the degree.

Lemma 5. Let v be a valuation on F, (T) and 0 # f(T) € p,. Then we have
degp, < [Fo(T) : Fy (f(T))] < oo,

where F, (f(T)) denotes the field generated by f(T') over F,.

Proof: Note that F, C F, (f(T). Write f(T) = £33, with g(T), h(T) € F,[T].
Then, p(X) := f(T)h(X) — g(X) is a polynomial in X with coefficients in F, (f(T)).
Clearly T is a root of p(X), hence [F (T') : F, (f(T))] < oo.

For the remaining inequality, it suffices to show that any fi1(7),..., f.(T) € O,,
whose residue class in f(7T),..., f.(T) € K, are linearly independent over F,, are

linearly independent over F,(f(7")). Assume that
Z eifi(T) =0
i=0

14



for some ¢; € F,(f(T)), 0 <1i <mn, not all zero. In fact, ¢; are linear combinations
of powers of f(T') with coefficients on F,. W.l.o.g. we can assume that ¢; are
polynomials in f(7') and not all of the ¢; are divisible by f(T'), so we can write

w; = a; + f(T)g;, with a; € F, not all zero, g; € F,[f(T)], 0 < i < n. Since f(T) € p,
and g; € F,[f(T)] C O,, we have that ¢; = a; mod p,, for all 0 < i < n. Hence

n

0= Z eifi(T) = Z a; fi(T) mod p,.
i=0

1=0

This contradicts the linear independence of fi(T),..., fu(T) € K, over F,.

O

We can state now a very important theorem concerning the rational function field
Fo(T).

Theorem 6. All the non-trivial valuations on the rational function field F,(T) are
equivalent to a valuation vyry, for p(T') € Fo[T] a monic, irreducible polynomial, or
10 Voo

Proof: By lemma 4, it suffices to show that if v is a non-trivial valuation different
from v, there is an irreducible, monic polynomial p(T') € F,[T] such that

Opr) = Oy

Assume first that 7' € O,, then, obviously, F,[T] C O,. Set I :=F,[T] N p,; this is a
prime ideal of F,[T]. Indeed p, is a maximal ideal, therefore is prime, and F,[T] is a
ring. The map F,[T] — K, induces an embedding F,[T]/] — K,, and therefore, by
lemma 5, I # {0}. Indeed, if I = {0}, we have that F,[T]/I = F,[T] and so

F,[T] — K. But co = [F,[T] : F,] < [K, : F,] < oco. Since I # {0} and [ is prime,
there is a unique irreducible, monic polynomial p(T") € F,[T] such that

I = p(T)F,[T] (recall that the ring F,[T] is principal). Any ¢(T") € F,[T] with
p(T)tg(T) isnot in I, so g(T) & p, C O,, therefore g(T)~' € O,. Hence, we have

Oty = {%\ F(T) € FylT), g(T) € Fy{T1\ {0}, p(T) +g<T>} c o,

By theorem 3, all valuation rings are maximal proper subrings of IF,(7"), therefore
Opry = O,. Therefore v and vy are equivalent.

Assume now that 7' ¢ O,. We have that F,[T!| C O,, T™' € p, NF,[T7'] and
clearly p, NF, [T~ = T'F,[T7'], since p, NF,[T7!] is a prime ideal. As before, if
g(T™Y) € Fy [T~ with T- 4 g (), g(T™") & py and so g (T~1) "' € O,. This

15
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According to theorem 3, this implies that O, = O, and so v is equivalent to v.
O

This theorem and the theorem 5 for Q are very similar. The valuations v,, given
by a prime p, on Q correspond to the valuations v,r), given by a monic, irreducible
polynomial p(7"), on F,(T") and we have a difference between the usual absolute value
| | on Q and the valuation v, on Fy(T'). The problem is that | | is Archimedean,
hence we haven’t any corresponding valuation.

We conclude this example with a corollary.
Corollary. There is a bijection between the equivalence classes of non-trivial valua-

tions v on F(T) with degp, =1 and F, U {oo}.

Proof: By theorem 6, the valuations vy, p(T") an irreducible, monic polynomial in
F,[T], and ve represent all the equivalence classes of non-trivial valuations on
[F,(T). Moreover, by the note after the definition 8, the valuations with degree 1 are
exactly v and vr_,, for all o € ;. Therefore, we have a bijection between

F, U {oo} and the equivalence classes of non-trivial valuations on F (7).

Remark: In fact all the results that holds for F,(7"), holds also for all fields

Kawz{ﬁghwwuwmmﬂeKM\mQ,

where K[T] denotes the ring of polynomials over a field K. K(T) is called rational
function field.
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2 Completion

2.1 Definitions and results

We begin this section with some basic definitions.

Definition 9. Let K be a field and | | an absolute value on K. A sequence {an}nen
in K is called a Cauchy sequence if, for all € > 0, there exists N € N such that

n,m> N = |a, — a,| < €.

Another important

Definition 10. A field K with an absolute value | | is called complete if any Cauchy
sequence {a, fnen in K converges to an element a € K, i.e.

lim |a, —a| = 0.

n—oo

A useful lemma for non-Archimedean absolute values.

Lemma 6. Let K be a complete field and | | a non-Archimedean absolute value on
K. Then, for {a,}nen C K, we have:

1. the sequence {a, }nen is a Cauchy sequence if, and only if, lim, o (ani1—a,) =
0,

2. the series Y~ a, converges if, and only if, lim,_ . a, = 0,

3. Suppose that lim,, .. a, = a # 0, then there exists a positive integer N such
that for allm > N, |a,| = lany| = |a].

Proof:

1. Assume that {a, },en is a Cauchy sequence, then, for all € > 0, there exists
N € N such that for all m,n > N, |a,, — a,| < ¢, therefore we have also, for
all n > N, |ayi1 — a,| < e. Conversely, assume that for all € > 0, there exists
N € N such that for all n > N, |a,+1 — a,| < . Then, for all r,;s > N,

la, —as| = ‘Z?ijml(ai—s-l - ai)‘
< MmaxXp<iom {|ai —ail} <e.
Therefore, {a, }nen is a Cauchy sequence.

2. We have that |a,| = ‘Z?:o a; — Z?;& aj|. Using 1., the equivalence is obvious.

17



3. Since lim,, ., a, = a # 0, there exists a positive integer n, such that, for all
n > ng, |a, —a| < |a|. Then, using the note we made after definition 3, we

have that |a,| = |a, — a + a| = max {|a, — a|,|a|} = |a].
0
Note that for a non-Archimedean absolute value we have the equivalence
Ja > O such that |z| < a < 3b € R such that v(z) > b,
with v a corresponding valuation. Indeed, for s > 0, if |z| < a, v(z) = —slog|z| >

—sloga. Conversely, for ¢ > 1, if v(z) > b, |z| = ¢*® < ¢7°
Theorem 7. Let K be a field and | | be an absolute value on K. Then, there exists a

unique, up to K-isomorphism, complete field K with an absolute value | |z such that

K is embedded in K as a_dense subfield and the absolute value on K is a restriction
of the absolute value on K, i.e., |x|p = |z| ifv € K.

Sketch of the proof: We will not prove this theorem in detail, not because it is
too difficult, but because we would need to prove a lot of uninteresting little claims,
that can be easily proved by the reader.

Let R be the set of all the Cauchy sequences in K with respect to | |. Define the
addition and the multiplication as follows, for all {a, }nen, {bn}nen € R:

{an}neN + {bn}nEN = {an + bn}neN and {an}nEN : {bn}nEN = {anbn}neN-

Indeed R is a ring. Let m C R be the set of all the Cauchy sequences that converge
to 0. It not difficult to prove that m is a maximal ideal of R. Now set

K := R/m.

Clearly, K is a field. We have an injection K — K by sending a € K to the
equivalence class of the Cauchy sequence (a,a,a,...). Hence, we can write K C K.
Take a € K and let {a,}nen € R be a representative of a. Then, we have that the
sequence {|a,|}nen converges in R, because it is a Cauchy sequence, since

llan| = lam|| < |an — aml|, by 4. of lemma 1. Set

alg = lim [al,

then | |z is an absolute value on K and, if a € K, we have la| 7 = |a|. Furthermore,

lim a, = a

n—oo

in K , therefore K is dense in K and K is complete with respect to | |z.
Let K’ be another complete field, with respect to an absolute value | |z, such that
K is dense in K’ and, for all z € K, |z|z, = |z|. Take a € K and let {a,}neny C K

be a representative of a. Then, in K ', this Cauchy sequence converges to an element
a' € K, because K is dense in K'. Defme the function ¢ : K — K’ by o(a):=d.
It is easy to verify that o is a K-isomorphism. Furthermore, |a|z = |o(a)|z, because

ol = o, lanl = g Jonlge = lalge

18



Definition 11. The field K is called the completion of K.

Now we look at an Archimedean absolute value on a field K. The following
theorem is due to Alexander Ostrowski (1893-1986). We will not prove this theorem.

Theorem 8. Let K be a complete field with respect to an Archimedean absolute value
| |, then there is an isomorphism o from K to R or C such that |x|, = |o(x)|” for
all z € K and a fizred 0 < s < 1, where | | denotes the usual absolute value of R or
C.

Ostrowski’s theorem tells us that all complete fields with respect to an Archimedean

absolute value are isomorphic to R or C. Therefore, the completion of a field with an
Archimedean absolute value is isomorphic to R or C.
Let us look now at the completion of a field with a non-Archimedean absolute value.
As seen before, there is a valuation v corresponding to the non-Archimedean abso-
lute value on K. In this case, we denote ¥ the valuation of the completion K of K.
Clearly, if v is discrete, resp. normalized, v is also discrete, resp. normalized.

Theorem 9. Let K be a field, K its completion with respect to the valuation v on
K. Denote v the correspondmg valuation on K O, resp. O the valuation ring of K,
resp. K p, resp. p, the mazximal ideal of O, resp. O and IC, resp. IC the residue
field of O, resp. O. Then R

K=K

and, if v is discrete,

O/p" = O/p", n> 1.

Proof: By theorem 7, we have K C }?, O c O and p C p. The inclusion O C O
gives a homomorphism

p:O—0/p,

whose kernel is obviously p. Let now x € 0. By theorem 7, K is dense in K ,
therefore there is a sequence {z, }n,eny C K, which converges to z € K. Since

0(x) > 0, by lemma 6, there exists a positive integer N such that o(z,) = v(z), for
all n > N. Hence, we can assume that {x, },eny C O. By definition, for all £ € R,
there is N € N such that, for all n > N, 9(z — x,,) > £. Take £ > 0, then x — z,, € p,
and we get x = x,, mod p. This means that ¢ is surjective and therefore we have
an isomorphism

O/p=0/p.
Moreover, if v is discrete, v is discrete and all the ideal of O, resp. (5, are of the
form p”, resp. p”, n > 1. So we have a homomorphism A : O — @/ﬁ", whose kernel
is p”. By the same argument as above, for all x € (5, there is an element y,, € O
such that o(z — y,) > n, for all n > 1. Therefore x =y, mod p". Hence, A is
surjective and we have an isomorphism O /p™ = O /p™.

19



Theorem 10. Take the same assumption as in the preceding theorem and assume
that v is normalized. Let R C O be a set of representatives of K such that 0 € R
and let t € p be a prime element. Then we can represent all x € K* as a converging
series

r=t"(ayg + ait + ast?* +...)

with a; € R, 1 € N, ag # 0 and m € Z.

Proof: Since p Cp, t € p and 1 = v(t) = 9(t), according to theorem 7. From now
on, in this proof, we will use an absolute value corresponding to the valuation 0. By
lemma 3, we have that z = ut™, u € O*. Since O/p = O/p, u mod p has a
representative 0 # ag € R and therefore we can write u = ag + tby with b; € 0. By
the same argument, we find also ay, as, ..., a,_1 € R such that

u=ag+at+ -+ ap_1t"t + ",

with b,, € O. As before, there is an a,, € R such that b, = a,, + tb,41, b1 € 0.
Hence,
u=ao+ at+ -+ ap_1t" "t + a,t" + t”+1bn+1.

We can do this for all n € N, therefore we have a series

(e.)

Z a,t".

r=0
It remains to show that this series converges to u. For all n € N; we have

0 (U — Z?:O aztz) = f) (tn+1bn+1)
= 5 (") + (o)

n+1,

AV

since b,,1 € O. This gives
n
lim o | u — E a;t' | = oo
n—oo
i=0
and hence the series converges to u. Finally, we can write

z=ut" =t"(ap + art + agt® +...)

We will state some results, without proof, concerning polynomials.
Let K be a complete field with respect to the valuation v. We can extend v to the
ring Kz] of the polynomials in one variable over K as follows:

v(f) :==min{v(ag),...,v(a,)},

where f(x) = ag + a1z + -+ + a2, a; € K, 0 < i <mn, a, # 0. A polynomial
f(z) = ap+ a1z + -+ + a,z™ € O[z] is called primitive if v(f) = 0, i.e., f(x) £ 0
mod p. The following lemma is due to Kurt Hensel (1861-1941).
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Lemma 7. Let f(x) € Olx] be a primitive polynomial. Assume that

f() = g(x)h(z) mod p,
with g(x),h(x) € K[z]. Then, there exists two polynomials g(z), h(x) € O[z] with
degg(x) = deg g(x) and

g(z) = g(x) mod p and h(z) = h(zx) mod p,

such that

We have an immediate consequence.

Corollary. For all irreducible polynomial f(x) = ag + a1x + - - - + a,a™ € K|x], we
have

v(f) = min{v(ag),v(ay,)}.
Moreover, if a, =1 and ag € O, f € Olz].

2.2 Example: the field of p-adic numbers Q,

In this example we deal, as in paragraph 1.5, with the field of rational numbers Q.
By theorem 5, we know that the equivalence classes of absolute values on Q are
represented by | |, p > 1 prime, and | |. Theorem 8 tells us that the completion of
Q with respect to | | is isomorphic to R or C, since | | is Archimedean. In fact, we
know that this completion is R (one way to define R is to complete Q with respect
to the usual absolute value).

We are more interested in non-Archimedean absolute values. Hence, let p > 1 be a
prime number. The completion of Q with respect to | |, is denoted @,, and called
the field of p-adic numbers. Instead of | | »» we use the corresponding valuation vy;
we use the notation v, also for the extension of v, in Q,. We know that K, = Z/pZ,
therefore we can take {0,...,p — 1} as set of representatives of K,; furthermore, p is
a prime element. According to theorem 10, for all 0 # z € Q,, we have

[e.9]

x = p™(ao + arp + agp® + - -) :Zaipia

i=m

with a; € {0,...,p— 1}, i € N, ag # 0 and m € Z. By the construction we made in
the proof of theorem 10, we know that

o0

u;:a0+a1p+a2p2+~~~:Zaipi
i=0

is a unit, i.e., v,(u) = 0. This means that v,(x) = m. Therefore, the valuation ring

of Q, is
Ly = {Z a;p’

aiE{O,...,p—l},ao#(),mz()},
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called the ring of p-adic integers. Its group of units is

%-{3

i=m

aiE{O,...,p—l},ao%O,mIO}

and the unique maximal ideal is pZ,. Moreover, the residue field of Z, is Z/pZ since
it is isomorphic to the residue field of O,

Remark on notation: Note that sometimes in topology the notation Z, stands for
the finite field Z/pZ = F,,.

2.3 Example: the field of Laurent series F, ((7'))

As before, we continue the example of section 1, paragraph 1.6. Let ¢ = p™, p > 1
prime, n € N\ {0} and let F,(T") be the rational function field. By theorem 6,
we know that all equivalence classes of valuation on F,(T) are represented by vy,
p(T) € F,[T] a monic, irreducible polynomial, and ve..
Now, we are going to see what happens when we complete F,(7") with respect to the
absolute value corresponding to v... We know that 77! is a prime element for v.
and that the residue field K of the valuation ring O, is isomorphic to F,, then, by
theorem 10, we can write all element f # 0 of the completion in the form
f= )" (a0 +aT +a (T7) 4. ) = (T7)" Y a: (T7)

=0

7

with a; € Fy, 1 € N, ag # 0 and m € Z. In fact, we abuse of notations and we write

F=HT)=> al’ a_, #0.

We note the completion of F,(T") with respect to vy, by F, ((T71)). Note the analogy
between f(T) € F,((T~')) and a Laurent series in C. Recall that a Laurent series
in C is a series that allows infinite negative terms and converges in an annulus. We
call F, ((T1)) the field of formal Laurent series in 7-! over F,. As above for
Qp, we use the same notation for the valuation in the completion as in the rational
function field. Clearly, we have vy (f(T)) = m. The valuation ring of the field of
formal Laurent series is the ring

{ i a;T"

i=—00

aiEFq,a_m#O,mZO}

and the units are element of the form
0
Z CLZ'Ti,
1=—00
with ag # 0. The unique maximal ideal of the valuation ring is the set of all the series
with only negative powers of T'. Note that the valuation ring coincides with the ring
of formal power series in 77!, since no negative powers of T~ occur.
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