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Abstract

At the beginning we introduce the Hecke-operators and analyse some of
their properties. Then we have a look at normalized eigenfunctions of them
and show, that their fourier coefficients satisfy ¢ (n) ¢ (m) = ¢ (nm) ,V (n,m) =
1 and c(p)c(p™) = c(p"™) + p* e (p™1),Vp prime,n > 1. Next we show
that the L-functions related to them can be written as FEuler products. Fi-
nally we prove the properties of the 7-function.

1 Definitions

Definition 1.1 (H,). For n € N we define:

H, ::{(a b)]a,b,c,deZ, ad—bc:n}
c d

Remark 1.2. If n =1, we have H, =T

a b
et t)en,
If f:H— C and k € Z, we define the following action from M on f:

az+b
cz+d

(Fl2eM) (2) = (detM)" (cz +d)* f (M=), Mz =

= V1,72 € Maye (Z), detyia # 0 flax (7172) = (fl2x71) l2ky2

So I' acts as a group on f.
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f is modular of weight 2k for a group G < flay = f, Vy € G, with G
any subgroup of I'.
From now on if we are talking about a modular form (or a cusp form or a func-
tion), the form has always weight 2k. Similar we define f|y := f|ox7y,Vy €
Mass (), detry 0.

2 Hecke operators

[' acts by leftmultiplication on H,,. So it might be interesting to consider
M"H,.

Lemma 2.1 (Set of representations).

F\Hn%M’::{<g1 g)|AD:n,D>0,0§B<D}QHn
Proof: e Every element in ['\H,, is representable by an element of M’:
_ A B ._ _C A
Let M e H,,M =+ c D . Choose ¢ := (A,C)’d'_ A0

Then (c,d) = 1 and there 3 a,b € Z with ad — bc = 1 and

a b
7.—(0 d)EF.

_ CA AC  _ _( * *
ThencA+dC—m—m_0andfyM_ 0 *>

n = det (M) = det (yM) = det (M) = A'D’
Choosing + or - we can get D > 0. With a suitable leftmultiplication

by(é T)Weget0§b<dandM€M’.

e Two elemens of I'\H,, are equal < they are equal in M":

A B A" B\ . .
Assume ( op)=\Lg p ) ['\H,,. Then an easy calculation
shows that this is equivalent with A = A’, D = D" and B = B’ mod D.

O

Definition 2.2 (Hecke-operator). For a modular form f € My, andn € N
we define an operator on the space of modular forms of weight 2k:

T,f :=n""! Z floxM

MeT\H,

(The numerical coefficient gives formulas “without denominators”.)
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Lemma 2.3. Since f is a modular form, this operator is well-defined.

Proof: Let {M;} = M’ and {M/} be a different set of representations. Then
directly

Tufpagy =07 ) fIM =ty fIM; = T,.f
and the operater is welldefined.

]

Remark 2.4. T, is an operator on the space of modular forms, an operator
on the space of cusp forms and an operator on the space of modular functions
(of weight 2k). We prove this step by step. The first step is the next lemma:

Lemma 2.5. T,,f is modular, i.e. Vy € I': (T,,f) |y =T, f.
Proof:

(Tuf) ly=n*" > fIMpy=n*" " fIMy=n*" Y fIM =T.f

Mer\H, Mer\H, M/€T\H,,
[
And for M € M’ we get:
_ _ az+b
@)= (B0 )

ad=n,d>0
0<b<d

‘H := Algebra, generated by the endomorphisms T,,n =1,2,3,...

Theorem 2.6. H is commutative, generated by (1p),, ,.ime-
If f is meromorphic of weight 2k (holomorphic on H) = T,,f is the same.

i)
2k—2 ,
T,T,, = Z & Tam e, T, Ty = T T,
d|(n,m)
i)
(nv m) =1=1T,1T, =Tn
iii)
p prime,r € N: T, Ty = Tprir + p** 1T pn
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Proof: (x) shows that T, f is meromorphic on H (resp. holomophic), because
the sum is finite.
For i), ii) and iii), see Serre, p. 101 or Gunning, §16. m

Suppose f is a modular function, i.e. meromorphic at oco. Then there
exists a fourier expansion. Let f(z) =Y, c(m)q™, q = ™=,

Proposition 2.7. T), f is a modular function, and:

L) =Y vmg" = ym= Y ()

a?
meZ al(n,m),a>1

a b

Proof: With M = ( 0 d

) and (%) we have

1)) = Y ary()

ad=n,d>0
0<b<d
(Tnf> (2> _ an—l Z d—2k Z c (m) e27rimMz
ad=n,d>0 mEZ
0<b<d

: ; d, if d
With Y., €2 /4 = {{ Z{hemise and m’ := m/d we have:

(Tnf> (Z) — n2k71 Z d72k Z Z c(m) 627rim(az+b)/d

ad=n,d>0 meZ 0<b<d

(Tnf> (Z) = ’fl%*l Z Z d*2k+1c<m/d) qam’

ad=n,d>0m/€Z
Collecting powers of ¢ and with p := am’,m’ = £,d = % we have:
n\2k-1 [ ud
WX T ()" (2
ane-Se ¥ (5 (%)
/’LGZ a‘l(nuu‘)7a21

(Remark: Because of the factor n*~! in the definition of the Hecke Operators
we have no denominator in the following formula.)

_ 2k—1 (KU1
= Y ae()
al(n,u),a>1
f is meromorphic at co = IN > 0 : c¢(m) = 0,¥m < —N = ¢ (&) =
0,Vu < —N$% = c(%d) =0,Vu < —=Nn=~v(u) =0,YVu < —Nn = T,f is
meromorphic at co and so a modular function. O
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This proposition leads to 3 corollaries, which are easy to prove:
Corollary 2.8. 7(0) = o9_1 (n)c(0),v (1) = ¢ (n)
Proof sketch: Set m =0, resp. m = 1. O

Corollary 2.9. f is a modular form (cusp form) = 7' (n) f is a modular
form (cusp form).

Proof sketch: We have ¢(m) = 0,Vm < 0. O
Corollary 2.10. For n = p,prime:

o v (m) = c(pm) +p* 'c(m/p), if m =0 (p),

e v (m) = c(pm), otherwise.

Proof sketch: Set n =p and m =Ip,l € N, resp. m # Ip,VI € N. n

3 Eigenfunctions of the 7,’s

Not all of the possible functions f : H — C are eigenfunctions. But in
this chapter we only look at modular forms which are eigenfunctions for
T,,Vn € N. We see that with the properties of the Hecke operators we can
get nice properties for the fourier expansion of these functions.

Let f =), c(n)q¢" be a modular form of weight 2k > 0. Assume that
Vn>1:3\, €C:T,f =\ f.

Theorem 3.1. i) ¢(1)=0= f=0
ii) ¢(1) =1, i.e. fisnormalized, = c¢(n) = A\,,Vn > 1

Proof: i) Comparison of the coefficient of ¢ in the fourier expansion of
f and T,,f leads to A\,c(1) = v (1) = c¢(n), by using corollary 2.8. Let
us assume, that ¢ (1) = 0. Then ¢ (n) = \,c(1) = 0,Vn > 1. So either

= ¢(0), i.e. constant, or ¢(1) # 0. Since f is a modular form of
weight 2k > 0, if it is constant, f = 0 holds.

i) c(1)=1=c(n) = Ac(l) = \,.
0

Corollary 3.2. If f and g are modular forms of weight 2k > 0, both nor-
malized eigenfunctions with the same eigenvalues, then they are equal, i.e.

Cf(l)zlzcg(l) andTnf = )\nfa Tng = )\nga Vn21:>f = g.
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Thm.3.1

Proof: Consider h:=f —¢g: ¢;,(1) =0 =" h=0and f=g O
Corollary 3.3. i) Since for (n,m) = 1: T,,7,, = T, we get:
Mdmf = Todmf =TT f = Toamf = M fs AnAm = A
=c(n)c(m)=c(nm) ¥Y(n,m) =1
ii) p prime,n > 1:
cp)e@) =c@™) +p* e ()

4 FEuler products

Let

be the Dirichlet series defined by the ¢(n)’'s in f = Y " c(n)¢" with f a
normalized Hecke eigenfunction. This series converges absolutly for Re (s) >
2k. (See Andrea’s talk.)

Corollary 4.1 (Euler product). With = := p~* we have:

—c(n) 1 _ b1 o —1
ZF_Hl_C(p)p—s+p2k71725_H(l_c<p)$+pk %)

n=1 peP peP

Proof: The mapping n —— ¢(n) is multiplicative for relatively prime num-
bers, i.e. if n.=pi*---p¥ = c(n) =c(pi)---c(p2).
Ps(s) = [I,ep Oonzoc(p™) p"°) which follows with the above property sim-
ilarly as in the (-function. (If ¢(n) =1,Vn > 0, = & (s) = ( (s), see Simon
Schieder’s talk.)
With z := p® and @, (z) =1 — ¢ (p) x + p*~'2? it is enough to show:

- 1

c(p")az" = ———,VpeP.

2 (»") o7, (@) pE
Or, with 9 (x) := (522 ¢ (5") ") By, (2) to show ¢ (z) =
By multiplication we get Y(x) =14+ o, a,x™ for some a,.
a; =c(p) —c(p) =0. For n > 1: -

a1 =c (p") —c(p)c (") +p* e (po1) = 0
by corollary 3.3. = 9 (z) = 1 which proves our claim. O

Remark 4.2. Conversely, if the Euler product holds, it implies the above
multiplicativity rules of the ¢ (n)’s.
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5 The A function

Proposition 5.1. The A function is an eigenfunction of 7T, with T,,A =
7 (n) A and the normalized eigenfunction is

@m) PA=q]J-¢)*" =D T(n)q"

n=1

Proof: Since the space of cusp forms of weight 12 is of dimension 1 and
stable by the T,,, A must be an eigenfunction. Because > -, 7(n)q¢" is
normalized we can apply theorem 3.1 and we get 7 (n) = A,. O]

Corollary 5.2. We have
T(nm)=r71(n)7(m),if (n,m) =1,
T(p)T(P") =T (p”“) +ptir (p"_l) ,if p is a prime, n > 1.
Proof: This follows immediatly from corollary 3.3. [

Remark 5.3. This properties were conjectured by Ramanujan and first
proved by Mordell. But Hecke showed where these properties come from
(the properties of the hecke operator).

Remark 5.4. There are similar results when the space of cusp forms of
weight 2k has dimension 1. This happens for

k= 6, 87 9, ]_O, 1]_, 13 with basis A, AG4, AG(;, AGg, AGlO and AG14.

(For further information see Serre, p.105)



