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1 Introduction

In Andrea’s Talk we saw how to get a Dirichlet series from a modular form.
Moreover we saw that this Dirichlet series can be analytically continued and
has a functional equation. The natural question is now: Can we go the other
way? Given a Dirichlet series with a certain analytic property, can we get a
corresponding modular form? - Hecke’s Converse Theorem, which is the topic
of this paper, states, that the answer is basically yes.

This section is a summary of what we know already about Dirichlet series and
modular forms.

Definition 1.1. (Dirichlet series)
A Dirichlet series is a series of the form
an
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L(s) =

n=1

for a sequence {a,}5°; of complex numbers.

Theorem 1.2. (Growth of Fourier Coefficients)
If f(z) =307 | a,e*™ % is a cusp form of weight 2k, then a, = O(nF).

Corollary 1.3. If f(z) = Y .7, a,e*™™* is a modular form of weight 2k but
not a cusp form, then a, = O(n?*~1).

Definition 1.4. (L(s, f))
For a holomorphic function on H with Fourier expansion f(z) = Y o7 a,e?™"*
we put

L(s; f) = iannfs.
n=1

We call L(s; f) the Dirichlet series associated with f.

If f is a modular form, we have a, = O(n") for a v > 0. So L(s;f) =
>0 L apn~* converges absolutely and uniformly on any compact subset of
Re(s) >1+v.
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Definition 1.5. (A(s; f) and An(s; f))
For N > 0 we put

Moreover we define

A(s; f) := Ai(s; f)-

Theorem 1.6. Let f(z) = > o°  an,e?™"* and g(z) = Yo" b,e?™"* be holo-
morphic functions on H satisfying a, = O(n”) and b, = O(n”) for a v > 0. Let
k and N be positive numbers.

If g(z) = (—iv/Nz)"*f(=1/Nz) then both Ax(s; f) and Ax(s;g) can be ana-

lytically continued to the whole s-plane, satisfying the functional equation
An(si f) = An(k = s19),

and

2o, bo
AN(S7f)+ s +k—8

is holomorphic on the whole s-plane and bounded on any vertical strip.

So the question is, can we somehow go the converse direction in Theorem 1.67
This will be the implication of Theorem 3.1.
But first we need some analytic tools:

2 Analytic Tools

Lemma 2.1. (Stirling’s estimate for I'(s))
Vs € C with Arg(s) #m, s #0:

D(s) = V2rs* Y 2em3eH()
with

lim H(s)=0

|s|—o0

uniformly on any vertical strip v1 < o < vs.
From that we get that Ve : 0 < e < 7/2Vz =0 + ir with |7| > 1:

IT(s)| < Cem 7!
on any vertical strip a < o < b.
Proof This is a well known estimate for I'(s). See for example in [3]. O

Lemma 2.2. (Inverse Mellin Transform of I'(s))
For t € C with Re(t) > 0:

1

—t —s

et = — T(s)t™%ds (o >0).
2mi Re(s)=oc
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Proof Consider the function F(z) := e~ e?% as a function of z € C and for a
o > 0. Obviously, F is a Schwarz function and so we can compute the Fourier
transform of this function and don’t have to worry about convergency:

(o)
F(z) = / e ey

—00

o .
/ e ¢ e(a‘+l$)ZdZ
—o0

/OO efyy(UJriw)fldy
0

= T(o+iz)

z

Y

I¥

So we know:

D(z) = e * e (1)

where I'(z) is the inverse Fourier transform of T.
But we can compute I'(z):

. 1 o0 .
I'(z) = i ) (o + iy)e™"*Ydy
- L I(s)e *%e*ds
B 2mi Re(s)=c
With equation (1) we get Vz € C:

2 1
e e’ = — I'(s)e *e*7ds
2mi Re(s)=0o

Since this holds Vz € C, we can choose a z such that e* =t for ¢t € C with
Re(t) > 0:

e lt7 = / T(s)t™%t%ds
Re(s)=oc

el = / I'(s)t™*ds
Re(s)=0

O

This is just a special case of the inverse Mellin transform. For a function f(t)
on R>g, the Mellin transform is defined as

oo
g(s) ::/ ftstdt
0
if the integral is convergent.
There is an inverse transform, which, for ¢ > 0, has the form

1 —s
f@) = 5 /Re(s)_og(s)t ds
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Lemma 2.3. (Phragmen-Lindel6f-Principle)
Let v1 < v5 be two real numbers. Define

F:={s € C|ry < Re(s) <y}
Let ¢ be a holomorphic function on a domain containing F and satisfying
0(s)| = OE™") (|7 = 00), s =0 +ir
uniformly on F with § > 0. Let b € R. If
lo(s)] = O(\T|b) (|7] — o) on Re(s) = vy and Re(s) = va,
then
lo(s)| = O(\T|b) (|7] — o0) uniformly on F.

Proof By assumption, there is L > 0 such that |¢(s)| < Lel™’.

First consider the case b=0.

Then there exists M > 0 such that |¢(s)] < M on the lines Re(s) = 11 and
Re(s) = vo. Let m be a positive integer such that m = 2 mod 4. Let s =
o+ ir € C. Re(s™) = Re((c +47)™) is a polynomial in o and 7. The highest
term of 7 is —7™, so we have

Re(s™) = =7 + O(|r|" ") (Ir] = o),

uniformly on F. Therefore Re(s™) has an upper bound on F. Now take m and
N so that m > § and Re(s™) < N Vs € F. For all € > 0 we have

(51

m

< MeN on Re(s) = vy and Re(s) = vy,

and

=O0(™ =) (Ir] — o)

(51"

uniformly on F.

5 m
But O(el™"=¢™™") — 0 uniformly on F as |7| — oc.
So we can use the maximum principle to see that

‘(ﬁ(s)e“m’ < Me™N (seF).

Now we let € go to 0. So we get |¢(s)| < M on F, ie. ¢(s) = O(|7|°).
Now let b # 0. We define a holomorphic function v (s) by

W(5) = (s — 1 + 1)b = eblosls—ri+1)
with the principal branch of log. Since

Re(log(s —v1 +1)) =logl|s —v1 + 1]
we have

U(s) =ls =+ 1"~ (|7 = o)
uniformly on F. Define ¢;(s) := f)gzg . Then ¢;(s) satisfies the same assumptions
as ¢ with b = 0. So by the case above, ¢;(s) is bounded on F. So we obtain
l6(s)| = O(I7|")  (I7| — o0). O

Now we have the tools we need to prove the main result on the relation between
modular forms and Dirichlet series:




3 HECKE’S CONVERSE THEOREM 5

3 Hecke’s Converse Theorem

We now want to prove, that we can go the other direction in Theorem 1.6,
i.e. for every Dirichlet series with analytic continuation and the right type of
functional equation, we can find a modular form.

Theorem 3.1. (Hecke, 1936)

Let f(z) = > 07 an€®™* and g(z) = > oo b,e?™"* be holomorphic functions
on H satisfying a,, = O(n”) and b, = O(n”) for a v > 0.

Let k and N be positive numbers.

Then the following statements are equivalent:

D) 9(2) = (=iVN2)*f(F)-

ii) Both An(s; f) and An(s;g) can be analytically continued to the whole
s-plane, satisfying the functional equation

An(s; f) = An(k —s59),
and

bo

Aw(sif)+ 2+ 22

is holomorphic on the whole s-plane and bounded on any vertical strip.

Proof i)= ii): this is just Theorem 1.6.
ii) = i): Let f be such a function fulfilling ii). We have for Re(y) > 0:

> 7 11110, ]-
i) = S anerny 2 S /R o e s a0 2

for any a > 0.

Let v be such that a, = O(n”). Choose a > v + 1. So L(s; f) := > 0" apn™*
is uniformly convergent and bounded on Re(s)= .

By Stirling’s estimate (Lemma 2.1), Ax(s; f) = (27 /V/N)~*T(s)L(s; f) is ab-
solutely integrable on Re(s) = a and therefore we can exchange the order of
summation and integration:

. 1 s s
f(ly) - 27?2 Re(s)=a 27Ty F Z apn”>ds + ag (3)
= L (VNy)~*An(s; f)ds + a (4)

2mi Re(s)=a
L(s; f) is bounded on Re(s) = «, and so by Stirling’s estimate, for any x> 0
[An(s; )] = O(IIm(s)| ") (IIm(s)| — o0) (5)

on Re(s) = a. Now take 8 € R such that k — 8 > v + 1. With the same
argument we get for any p > 0:

[An(s;9)l = [An(k = s: f)] = O(Im(s)[")  ([Im(s)] — o0)
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on Re(s) = . By assumption

is bounded on the strip 8 < Re(s) < a. So An(s; f) has only poles at 0 and k.
By Lemma 2.2, (5) holds uniformly on the domain 8 < Re(s) < a.

Without loss of generality a > k and 3 < 0. (vVNy) *An(s; f) has simple

poles at s = 0 and s = k, with residues —ag resp. (v Ny) *bg.
By the residue theorem and using that (5) holds uniformly on 8 < Re(s) < «,
we get
L
2mi Re(s)=a

1 .
= 5 (VNY)“*An(s; F)ds + (VNY)~"bo.

211 Re(s)=03

(VNy)“*An(s; f)ds + ao

f(iy)

Now we can use the functional equation for Ay (s; f):

1

27 Jpe(s)=p

_ L (VNy)**A(s; g)ds + (VNy) ~Fby

2mi Re(s)=k—p

S VR A+ )
Re(s)=k—p

(VNy)~*A(k — s;g)ds + (V'Ny) ~Fbo

f(iy)

= (VN

27

Using the same calculations that led to (4), we can bring this into the form

fliy) = (\/Ny)"“g(m)

f(z) and g(z) are holomorphic on H and so we get with z = y/i

9(2) = (VN=/) T F (1)

-1
(S NNk L
and that is exactly 1). O

Remark 1. Replacing g(z) by i*g(z) we can reformulate Theorem 3.1:

Let f(z) = Y07 ane®™* and g(z) = > oo b,e®™"* be holomorphic functions
on H satisfying a,, = O(n”) and b, = O(n”) for a v > 0.

Let k and N be positive numbers.

Then the following conditions are equivalent:

) g(2) = (—VN2)""f(F).

ii) Both An(s; f) and Anx(s;g) can be analytically continued to the whole
s-plane, satisfying the functional equation

An(si f) =i"An(k - s;9),
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and

aon ikbo

An(s; f) +

s k—s
is holomorphic on the whole s-plane and bounded on any vertical strip.

Corollary 3.2. Let k > 2 be an even number. Assume f(z) =Y~ a,e*™"*
is holomorphic on H and v > 0: a, = O(n”). Then the following statements
are equivalent:

i) f(z) is a modular form of weight k

ii) A(s; f) can be analytically continued to the whole s-plane, satisfying the
functional equation

A(s; f) = (=D)"2A(k — s; f),
and

(_1)k/2a0

ao
A .
(s;f) + Pl S

is holomorphic on the whole s-plane and bounded on any vertical strip.

Proof Set f =g and N =1 in Remark 1.

We have seen that for f a holomorphic function on H f is a modular form if and
only if f(z+1) = f(z) and f(2) = z7*f(~1/2).

Since f(z) = Y07 ane®™*, we have that f(z +1) = f(z). So i) in Remark 1
is equivalent to f modular form of weight k.

In ii) we need that i* = (—1)/2. O

There are some more general connections between modular forms and Dirich-
let series / L-functions; some of them are proved recently, e.g. the Taniyama-
Shimura-Weil conjecture; some of them are conjectured but still not proved, e.g.
the Langlands program.
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