Pro memoria

2)=1+Cy Z or_1(m)q™, q=e*"

with

k| 2] 4 6 8 [ 10 | 12
C,. | -24 ] 240 | -504 | 480 | -264 | 53520

691

Exercise 1
a.) It is clear that E? € Mg and E,;Es € M.
Since dimMg = dimM;y = 1, we get E? = cEg and E;FEs = dE)y. Comparing the
coefficient of ¢° we see c =d =1

b.) We have
0o 2
By = E2= (1+240203(m)qm> = 1+48OZ<73 m)q™ + (240203 m)
= m=1
co m—1
= 1+480203 m)q"™ + 240> Y Y " a3(n)os(m —n)q™
m=1 n=1

Comparing the coefficient of ¢, m > 1 we get
48007 (m) = 48003(m) + 240? Z o3(n)osz(m —n)

Finally we divide by 480 and get

o7(m) = o3(m) + 120 Z_ os(n)oz(m —n)

Analog
[e] oo m—1
B =EEs =1+ (24005(m) — 50405(m)) ¢ — 240 - 504> " Y " o3(n)os(m — n)g™
m=1 m=1 n=1
and )
11o(m) = 2105(m) — 1003(m) + 5040 Y o3(n)os(m — n)
n=1
Exercise 2

Let k& > 2. It is clear that g(z) is holomorphic in H and periodic with Period 1. Watching
at the Fourier expansion of each factor, one also sees immediately that g(z) is holomorphic
at infinity. So we only have to show g(—1/z) = 2*"2g(z). We have
12z
EQ(—l/Z) = Z2E2( ) + —

271



We differentiate f(—1/2) = 2*f(z) and multiply by 2% and get

F(=1/2) = k2" f(2) + 2472 (2)

9(-1/2) = 5of'(-1/2) — S Ea(-1/2)f(-1/2)
- ﬁ(kzk“ﬂzwzk“f'(z))—fQ(2E2<> =) 162
= 0 (G - BB + (k) - )
= 2"(2)

This implies g(z) € My o.
Now will calculate the Fourier coefficient of ¢° of g(z). We have f(z) = ag + a1q + O(¢?)
and Fy(z) = 1 — 24q + O(¢?). Notice (¢"™) = 2mimqg™

9(2) = a1+ O(¢*) — %(1 —24q + O(¢*))(ao + a1qg + O(q?)) = 1—§ao +O(q)

We get immediately g(z) is a cusp form if and only if f(2) is a cusp form.
Exercise 3

a.) Using Exercise 2 with f = —3FE, we see Ey4Ey— %E’ is a modular form with coefficient
of ¢ equal to 1. Since dimMg = 1 we get By = E4Fy — 2§m E)
b.) We get
E¢ = E E, — iE’
L
oo o0 3 oo
— (1 + 240 Z 03(m)qm) (1 — 24;01(m)qm) o ( 24 Z o1 (m)(2mi)mg )
oo m—1
= 1+ Z 24003(m) + 24(3m — 1)oy1(m)) ¢™ — 24 - 240 Z Z o1(n)oz(m —n)q™
m=1 n=1

It follows for m > 1
—50405(m) = 24005(m) + 24(3m — 1)oy(m) — 24 - 240 Z o1(n)os(m —n)
Dividing by —24

21o5(m) = (1 — 3m)oi(m) — 1003(m) + 240 Z o1(n)oz(m —n)



Exercise 4
a.)It is clear Fpo — Eg € M,. Now we take a look at the Fourier expansion:
65520 65520
Eyp—E2=1+ o1 4T O(¢%) — (1 = 504¢ + 0(¢?))* = (69—1 + 1008) + O(¢%)

Since ap = 0 we see that Fj, — EZ is a cusp form. But dim S5 = 1.

So we get Fo — EF = ¢A. On the other Hand A = (27)2>°>°_ 7(m) with 7(1) = 1 and
T € Z ¥m. So ¢ = (27) 12102048

b.) For simplicity we write EZ(z) =1+ > > b,¢™ with b, € Z. Therefore

762048 65520 -
691 ZT(m):W ou(m)q™ = b

m= m=1 m=1

We multiply with 691 and get

(65520 + 1008 - 691)7(m) — 6552001, (m) = —691b,,

and finally

65520(7(m) — o11(m)) = 691 (—b,, — 1008)
E€Z

But 691 is a prime and 65520 = 2%-3%.5.7 .13 is not divisible by 691. Therefore
7(m) — o11(m) is divisible by 691.

Exercise 5

Remark: I will use f(y = [ f(z)e ?™*¥dz, as in Koblitz. It is for this reason why the
factor x(—1) in a.) does not appear

a.) The Idea is to use the Poisson Summation formula and the periodicity of y. We
define therefore f,(x) := f(N:c +n), 0<n <N —1. It follows

Y x()fn) = Z X(nN +m)f(nN +m) = z_: (X(m) > ) fm(n)

M

_ i (X(m) 3 fAm(n))

Notice that the first sum is absolutely convergent since z%f(z) < 1 for x big enough
and so we are allowed to change the oder of summation. Now we use f,,(n) = f(m+nN) =
%62””’”/ N (%)- This can be seen for example by direct calculation. We get

_i x(n)f(n) = NZ_I (X(m) i ;62”"’"/1\[]?<%>) :% j (f(%)

N-1

m=0

X(m>€27rinm/N>



b.) We set f(z) := e™**. Then f(y) =

1

te_“yg/t. If we apply this to a.) we get

<

_ . —mtn? _ T(X) — —— 1 —m( )2/t _ T(X) 1
2@x(t) —nz_:OOX(n)e - N nz_:ooX(n)\/;€ N = 2N\/¥@Y £N2
c.) Notice X(—n)e‘”(_”)Qt = X(—l)x(n)e_””Qt. Therefore we have to use an other ©
for xy(—1) = -1

We will use again a.), but with f(z) = ze ™. Therefore we need to calculate the
fourier transformation of f. Let 7" > 0 be arbitrary. Then

T 2 om; 1 e o] T 1 e o
Sefﬂts e 2mYs Jg — _efﬂts e 2miys o / _efﬂts (—27T7;y)67 TIYS
Py L -1 7 2t
We get
Y — 1 g —ts? 727riysd . _Zy > —ts? 727riysd o _Zy 1 —my?/t __ _Zy —my? /t
f(y)—Tl_r)go _Tse e 5=~ _ooe e 5= — e = 5 ¢
Asin b.)
= 2 T = —— —in __(nye —iT(X) = —— o (ny2

20,(t) = Z nx(n)e ™" = N Z X(n)We %)/t = TR Z nx(n)e W)/t

—i7(X)
= 2z Ox)

d.) As usual we write s = o + it. For shortness we write © = ©,, and 6. = O
Claim f(s) = [,° ©(z)2z* 'dx is an entire function
Proof Let K C C be compact. We have

oo 1 oo
/ |@($)x81|dx:/ @(m)x”ldx—i—/ O(x)r” tdx
0 0 1

J

~~

(1)

4

—~
N

)

Existence of (2): We set T := max{2, sup,.x o}
Notice x(0) =0 and |x(n)| =1

/ O(x)r” tdr < / @(;U)a:Tld:cg/ Zne”mzx:cT’ldx
1 1 1

§ : > _ y \T-1 dy o > 1 /oo o
ne Y (—) — <7 - e Y d
/1/7m2 mn? ™2 — ; n2T-1 | Yy Y

n=1

VAN

= 7 TI(T)¢(2T — 1)



Existence of (1):We set y = - and get

! o 1 11 o 11
O(z)z" tdx = / © (—) —dy=C / O, (y)y/ e ———d
| ew Ol et =00 | e S

A(s,x) = (—i)GT(X)WA(l —5,X) = (=) TO)NA(l - 5,%X)

Y
Now we can prossed as for (2 ) O
Claim A(2s —¢,x) = [, O(x)z* dx for o big enough.
Proof Case 1 X(— 1) =1. We get
/ @(x)xs_lda; _ / ZX( —mn3x 5 ldxizx / e—ﬂ'n:v s— ldl'
0 0 n=1
S (YN Ay o x()
= S [ () e =T T
= 7 T(s)L(2s, x) = A(2s, x)
Case 2: x(—1) = —1. We use —nyx(—n) = nx(n) and get
/ O(x)x* 'dr = / an(n)e’”"%x“ld:ﬁ = an(n)/ e T g
0 0 =1 n=1 0
S (YN Ay oo x()
- ;”X(”)/o o) e e
= 7 °I'(s)L(2s —1,x) = A(2s — 1, %)
[
Functional Equation
(=9)T(x) - (=) 7)) [~ 1 (=) r(x) [~ 1\ 1 dy
WA(QS —6X) = T Nlte o Oc(z)a" dz = O Nlte o O N2y ) N2s ystl
1 o 1
o (1/24€e—s)—1 . o
- st/o O(y)y ds = WA(l—I—e 25, X)
Now we set s = %HE and get
N—s+1+e



