Introduction
This talk contains three parts

Part 1: The main goal of this part is to proof (2m) ™A =¢[[°7,(1 — ¢")*, ¢ ==
To do this, we start we the non absolutely convergent Eisenstein Series Fy(z) and their
behavior under I'. As next we define the Dedekind eta function. With the help of Ey(2)
we can show n(=t) = \/(z/i)n(z). The theorem then directly follows from this.

Part 2: The target of this part is the g-Expansion of 1, i.e. n(z) = 300 __ (—1)"q(6n+17/24,
This directly follows from the Euler pentagonal number theorem. We will gave for this
the idea of three different proofs: With modular forms, with elliptic functions and a com-

binatorial one.

Part 3: We will show, that the coefficients of the j-function are integral and gave an idea
how one can show

o j(2n) = 0 (mod 2')
e j(2n) =0 (mod 39)
e j(2n) =0 (mod 5°)
o j(2n) =0 (mod 7)



1 Infinite product of A(z)

Satz 1.1. (27) 2A = q[[2>,(1 — ¢M)*, ¢ =e>

pro memoria;:
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meot(mz) = - = —
z z—n  z+n)  sin®(rz) ‘ (z+n)?

To proof Satz 1.1., we will first introduce Fy(z). Notice that Ey is not absolutely
convergent.

Definition 1.2.
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Lemma 1.3. Es(z) is holomorphic at HU {oo} and

EQ(Z + 1) = EQ(Z)
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—2E,(—)=E
i 2< z ) 2(2) + 2miz

Proof
The Equation (4) follows from (2) or (3).

to show that Es(z) is holomorphic, we will write the inner sum of (2) in a different way.

We will use |¢| < 1,Vz € H

meot(mz) = il AL mi— i 27ri2q"
q_l 1_(] n=0




Now we differentiate, multiply by -1 and replace z with mz (m > 0)

9 -\ 2 nm
(2mi) an Sm2 (mmz) :Z (mz +n)?

We replace the inner sum of (3) we get a new form of Fs(z).

2)=1-243 "> dg™ (6)

m=1 d=1

With the follow calculation we get that (6) is absolutely convergent.

S5 air| < S[atn| <o ey w <o e a3 <o
d=1 m= d=1 d=1 d=1

We have used

(a) |1 — ¢ > 3 except for finitely many d.

(b) dlq|¥? < 1 except for finitely many d, since |¢|*? goes exponentially fast to 0.

So Es(z) ist holomorphic at H. Equation (6) also shows, that Es(z) is holomorphic at co.
It rests to show (5). We want to exchange the two sums of (5) and to do that we
‘correct’ the double sum with terms to make it absolutely convergent.
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Because m — O R m we get that the following 'new’ Es is absolutely
convergent.

By(z) = 1+—Z Z (mHn —am,n(z)>
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But now we can exchange the two sums in Es(2):

B = 145 2 S (g anel?)
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~ ) exists because 3(— 1) > 0 and the existence of S is analog to the existence of
(z) This justifies Wr1t1ng
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If we put this result in (8), we have shown Lemma 1.3

Definition 1.4.




Satz 1.5. n(z) is absolutely convergent and

n(—) =V (/in(z) (9)

z

(We will use \/z with 0 < R(\/z))

Proof

Since |¢q| < 1 we have normal convergence at H = 7(z) is holomorphic.

We will show that the logarithmic derivatives of the left and right side of (9) are equal.
Then (9)must hold up to a multiplicative constant. With z=i we get that the constant
must be 1. Remember ¢’ = 2miq

n(z)"  2mi = ng" 2mi (1) | _(r) 27
=57 (1—24; n) 1—242271(] =0 S Ea(2) (10)
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O
Korollar 1.6. n*(z) is a cusp form of weight 12
Proof
n*(z + 1) = n**(z) and ay = 0 of the fourier expansion is clear.
24(_1/2) —(9) 127724( )
]

Proof of Satz 1.1
But dim(S12) = 1 = n**(2) = cA(2), for some c € C.
Now we can compare the fourier expansion an get ¢ = (27)~
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2 qg-Expansion of n

Theorem 2.1.

o0

n(z) = Z (_1)nq(6n+1)2/24 (11)

n=—oo

Theorem 2.1 follows directly from

Theorem 2.2. Fulers pentogonal numbers theorem

ﬁ(l _ qn) _ i (_1)nq(3n2+n)/2
n=1 n=—o°

Remark
From the following figure, on sees that the number of dots on the nth pentagon is
n(3n — 1)/2. Therefore the numbers 1, 5, 12,... are called pentagonal numbers.

First Proof with elliptic functions
This proof can be found in M.Koecher, A.Krieg, Elliptische Funktionen und Modulformen.

Lemma 2.3. Jacobi’s triple product We set ©(z,7) = .00 e™n'7/282minz qith o ¢
C,7 € H. Then

@(Z,T) _ H(l . eQwimr)(l + 6(2m—1)m‘7—+27riz)(1 + e(2777,—1)7ri7'—27riz)




Proof of theorem 2.1
We replace 7 by 37 and z by

7+1
2

o0

T+ 1’37_) _ (1 . 627rim37)<1 + €(2m—1)7ri37+27ri(7'+1)/2)(1 + e(?m—l)ﬂ'iS'r—Zﬂi(T-i-l)/Z)
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= JTa-a"@—g® ) - ¢ = [T(1 - ¢")

Idea of the proof of lemma 2.3
We set g<z7 ,7_) — HOO (1 . 627Tim7)(1 + 6(2m71)7ri‘r+27riz)(1 + 6(217171)71'1'7'7271'1',2) and fix 7.

m=1
O(z,7)
9(z,7)

2,T)

same zeros. By Liouville (j((z 5

Now let 7 be arbitrary. Then there exists a holomorphic function ¢ such that p(q) =

One can show, that is an elliptic function and that ©(z,7) and ¢(z,7) have the

1S constant.

O(z,7)
g(z7)
By a direct calculation, one gets ¢(g) = ¢(q*). One also easy sees, that one can extend ¢(q)

to ¢ = 0 holomorphicly by ¢(0) = 1. I follows by the identity theorem, that p(¢) =1. O

Second Proof with modular forms
This proof can be found in Freitag, Busam, Funktionentheorie 1
We will show

Lemma 2.4.

[e.e]

(2m) A () = g ( > <—1>"q<3n2+">/2)

n=—°

Proof of theorem 2.1
Using the Theorem 1.1 and the definition of 7, one gets

<H(1 — qm)) = ( > (—1)"q(3”2+")/2>

m=1 n=—o00

We set U to be the preimage of the set z € C\ R~ of ([[>_,(1 — ¢™)**. On U we have

eJTa—gm =3 (g =1
m=1 n=—0o0

and therefore on the whole H. Comparing the fourier coefficient of ¢°, one gets e = 1. [



Idea of the Proof of 2.4

24
We will show that f(z) := ¢ (Z;:O:,oc(_l)nq(3n2+n)/2) is a cusp form of weight 12.

It is clear, that f has a 0 at infinity. Since 3n?+n is always even, one gets f(z+1) = f(z).
For the last condition, we have to work a little bit more. We see f(z) = ©(3z, 21) and
f(ZH) =06(=2, 5 — 52). We need the 6-transformation formula:

z 72 2
oL, )=./? i grilntr)?z
z’ i

n=—oo

By a direct calculation one gets
-1 Z (miz_ mi
1(Fr) =5 e
z i

Third Proof with partition functions

Let n,m € N. A partition of n is sequence (\;)jeny with A\; > Xiyq and >, A\ = n. Let
P(n) be the number of partitions of n.

Lemma 2.5.
o 1 (o ¢]
gy n2)
n=1 -4 n=0
Proof Using the geometric series O]
Remark P(n) ~ %12/213)’ n — o0o. This expression was first obtained by G. H. Hardy

and Ramanujan in 1918 and independently by J. V. Uspensky in 1920.

We set [1°2,(1 —¢") = >~ ,a,q". Using Lemma 12 we get

(Sroe) (5] =

Comparing coefficients we have
aoP(O) = Qg = 1 (13)

> P(k)ag =0, ¥m >0 (14)
k=0

m



From this two equations one sees that the a,, are uniquely determined. From Theorem 2.2
one can extract possible values for the a,’s.We only have to show, that they fulfil (13)

and (14) and we are done.
We reformulating (14) and get an equation between to different families of partitions. As
last thing we construct an bijection between those families.



3 Congruences for the coefficients of the j function

pro memoria:

i(z) = (12g2(2))? _ (720G4(2))?
A(z) A(z)

Proposition 3.1. The j function has fourier expansion

D Jmd™ m € ZYm

m=0

Proof We use the following Lemma

Lemma 3.2. Let f and g be convergent power series for |q| < 1

Fl@) =) ang", 9(a) =) bug" an,by € Z Vn
n=0

n=0

with by = 1 and g(q) # 0 for all |q| < 1. Then f is also a convergent power series for

lg| < 1 with integer coefficients

Proof Since £ is a holomorphic function, it has a convergent power series for lg| <1 with

g9
coefficients ¢, € C. We get

(o) (S00) - (Se)

Comparing coefficients we get
m—1

Co = Qg, Cm = Qm — E Cnbmfn

n=0

Now there are certain interesting properties for the coefficents

. Am/m
Theorem 3.3. ® Jn~ W for m — oo

e (m+1)j, =0 (mod 24) Ym > 1

o Form =0 (mod 2°3°5°7) we have
Jm = 0 (mod 21a+832+35e+17d)

The first property is due H.Petersen and H. Rademacher.

10



The second and the third is due D.H.Lehmer.

We will not proof this Theorem, but give an idea of the proof of the following theorem

Theorem 3.4. e j(2n) =0 (mod 2")
e j(2n) =0 (mod 3°)
e j(2n)

e j(2n)

0 (mod 5%)
0 (mod 7)

Short idea of the Proof

We take a look at the case 52. We set
Js(2) = j(5m)g™
n=1
We will try to find an function ® such that

js(2) = 25 (a1 ®(2) + ax®?(2) + -+ - + akék(z))

where ® has fourier expansion with integer coefficients.

The first idea is to take ® = j, since we know that all modular functions of weight 0 are
rational functions of j. The problem is that js(z) is not anymore an modular function.
But we will find a subgroup of I', such that j5(z) will be modular for this subgroup and
construct a function ® which will play the same role as the j function for I

Preparations

Definition 3.5. Let p be a prim. We set

o) = { (& 4 ) €Tle=0(mod )}

It ist easy to verify that I'g(p) is a subgroup of I and that 7" € I'y(p) and S ¢ I'o(p)

Definition 3.6. A function f is called an automorphic function for I'y(p) if the following
conditions hold:

e f is meromorphic in H

o f(y2) = f(2) for all 7 € To(p)

e f has at at maximum a pole at infinity

11



There is an way to construct automorphic function for I'(p).

Proposition 3.7. Let f be an automorphic function for I' and p be a prim. We set
152 /z2+d
()
P p

Then f,(z) is autmorphic under U'o(p). If f has the fourier expansion

fz) =) aln)q"
then f,(z) has the fourier expansion
fz)= Y alnp)q"
n=—[m/p]

Proof

p—1 oo 00 p—1

pfp — a 27rzn (z4+d)/p _ Z a<n)e2m'nz/p Z 627r'md/p

d=0 n=—m n=—m d=0

But

~1
pz: 2mind/p _ { 0, p don’t divides n

else
o D,

So we have shown the second part and that f has at maximum a pole at infinity. It is also

clear, that f,(z) is meromorphic.
For the proof of the modularity we need the following lemma

Lemma 3.8. If v € To(p) and if 1 < d < p—1, let Ty(z) = =2
integer pu, 1 < p < p—1 and a transformation v, € y(p) s.t.

. Then there exists a

Tay = PY/LT,u

Moreover, as d runs through a complete residue system modulo p, so does .

Proof: direct calcutaion. O

12




We get

B 1pfl ’yz—l—d _117*1 ) _lpi .
five) = pi( )—p > 1(Ti02) = 53 FOLT(2)

Applying a lemma similar to Lemma 3.8 to f(Sz), we get

Proposition 3.9. If fis an automorpic under I' an p a prim, then

pho(=1/2) = pfp(2) + f(pz) = f(2/p)

Applying this to the fourier expansion of j and j, one finds

Proposition 3.10.
-1 2
(—)=q " —q¢ ' +1 15
pjp(pz) q ¢ +1(q) (15)

where 1(q) is a powers series with integer coefficents.

The construction of ®

Lemma 3.11. Let p be a prime. We set

Then ¢ ist automorphic under Uy(p) an has a fourier expansion of the form

¢(2) = ¢ (1 + i bnq”>

with b, integers. We have also

¢(=1/qz) = (16)

1
q2¢(2)

Proof: Theorem 1.1, Lemma 3.2 and calculating.

Remark I'g(p) is important for the Proof.

13



If we set a:=1/(p — 1) one gets

n=1

¢* has a simple zero at infinity, but now the coefficients of ¢“ are a priori not integers.
One can show that € = 1. Using the Definition of ¢ and Theorem 1.1 one gets

A(pz 1 20:1 1—gm)* p—1 - n .
0= 505 = g G+Z¥”)

The fourier coefficients of ¢“ are certainly integers if a divides 24. This occurs if p=2,3,5,7,13.
Therefore we set for those p

O(2) 1= ¢

We collect everything and use Lemma 3.2

Proposition 3.12. For p=2,3,5,7,13 ®(z) is an automorphic form for I'y(p) an has a

fourier expansion of the form
1 1

o g1

Where 1(q) is a power series with integer coefficients.

Theorem 3.13. For p=2,3,5,7,13 we set r=24/(p-1). Then there ezists ay, ..., a2 such

that
gp(z) = p/* 1 (alcb(z) + ag®?(2) + ... + ap2@p2> +7(0)
Proof
Using Equation 16 on gets
U(e) = g PO = s =0 4 1)

pz’ (2
We see with Equation 15 that

-1 2

AR AT
Pin( =) = (¥(:)
has a pole of order < p? — 1 at 0 and integer coefficients. After finite steps one gets
) = 03y(C2) = (B — () — = b 0(2)
P = DJp PP 1 p2—1

with no pole at 0 and integer coefficients b,
Replacing —1/pz by z, we have

F(2) = pip(2) = 072(2)) = by (B (2)P " — o = oy 2D(2)

14




f is automorphic and analytic at each point in H. We also have lim, ., |f(2)| is bounded
by construction. O]
Proof of Theorem 3.4

p | 2135713
Watch the Tabular 1 1152 1] 0
Remark It is known, that j(13) is not divisible by 13.

[]
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